Non-uniform mass transfer in MHD mixed convection flow of water over a sphere with variable viscosity and Prandtl number J. Rajakumar P. Saikrishnan A. Chamkha
) Subscripts e conditions at edge of the boundary layer w conditions at the surface of the sphere ∞ conditions in the free stream x; y; x; x; Z partial derivatives with respect to these variables
Introduction
The study of mixed convection flow over a body is significant in industrial and environmental studies. In the recent years significant attention has been given to the numerical study of mixed convection boundary layer flows. The steady or unsteady mixed convection about a sphere with or without magnetic field was investigated by Chen and Mucoglu (1977) , Devi and Nath (1988) , Kumari and Nath (1989) , Sathyakrishna et al. (2001) . Sathyakrishna et al. (2001) found that the effect of magnetic field on the skin friction is more pronounced as compared to its effect on the heat transfer. Aydin and Kaya (2009) studied mixed convection flow about a vertical flat plate. Recently, Rashidi and Erfani (2012) and Rashidi et al. (2010 Rashidi et al. ( , 2014a studied MHD flow over stretching sheet and rotating disk. Several authors used similarity transformation to solve many boundary layer flow problems. But many engineering problems do not admit similarity solutions and they demand non-similarity transformations. A review of non-similarity solution methods along with citations for steady flows until 1967 is given by Dewey and Gross (1967) . Roy and Saikrishnan (2003) , Nath (1976) , Meena and Nath (1978) used finite-difference method to get non-similar solution for some boundary layer problems.
It is known that viscosity changes significantly with temperature. To predict the flow behaviour, it is necessary to consider the variation of viscosity. Numerical solutions for flow and heat transfer characteristics over a sphere with temperaturedependent viscosity has been obtained by Eswara and Nath (1994) , Saikrishnan and Roy (2002) . The effect non-uniform slot suction (injection) over different bodies has been investigated by Saikrishnan and Roy (2003) , Revathi et al. (2013) , Poornima et al. (2011) , and Ganapathirao et al. (2013 Ganapathirao et al. ( , 2014 . Saikrishnan and Roy (2003) , Revathi et al. (2013) showed that the slot suction and the movement of the slot in the downstream direction delay the point of zero skin friction but the slot injection has the reverse effect.
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The aim of the present study is to consider axisymmetric mixed convection flow of water over a sphere with variable viscosity and Prandtl number and an applied magnetic field. The non-similar solutions have been obtained from the origin of the streamwise co-ordinate to the point of zero skin friction using quasilinearization technique with an implicit finite-difference scheme. The effect of different physical parameters on the skin friction coefficient, heat transfer coefficient, velocity and the temperature profiles are presented graphically and discussed.
Mathematical formulation
Consider a sphere of radius R which is placed in a steady incompressible laminar mixed convection flow of oncoming electrically conducting water with free stream velocity (U ∞ ) and free stream temperature (T ∞ ) as shown in Figure 1 . Let x and y be the curvilinear coordinates along and perpendicular to the surface of the sphere, respectively, u and v be the corresponding velocity components. The contour of the body of revolution is defined by the radii r(x) of the section perpendicular to the axis. It is supposed that convective forced flow going upward and the gravity g acts in the opposite direction. It is also assumed that a constant magnetic field B 0 is applied in the y-direction and the magnetic Reynolds number is negligible. So, the induced magnetic field can be avoided on contrast to the applied magnetic field. The viscous dissipation effect is included in the analysis. The surface of the sphere is considered to be electrically non-conducting and it is maintained at constant temperature T w . Moreover, it assumed that the temperature variation between the free stream and the surface of the sphere is less than 40°C.
Fluid viscosity and thermal conductivity are the most important governing fluid properties in laminar water boundary layer flows and their variation with temperature is not negligible since, they affect boundary layer. As the variation of thermal conductivity (k) and the viscosity (μ) are significant, the Prandtl number (Pr) also significant. The viscosity and the Prandtl number are vary as an inverse linear function temperature (T) (Eswara and Nath, 1994; Pop et al., 1992) : (2) It is supposed that the non-uniform mass transfer (slot injection/suction) change with the axial distance x ð Þ along the sphere surface. The blowing rate is assumed to be negligible and so it has no effect on the inviscid flow at the edge of the boundary layer. It is also supposed that the injected fluid have the same physical properties as the boundary layer fluid and have the static temperature equal to the wall temperature. Under these assumptions, the governing equation for this boundary layer flow is given by Aydin and Kaya (2009) and Schlichting (2000) :
and the boundary conditions are given by:
Applying the following transformations:
Equations (4) and (5) are reduced to the following non-dimensional equation:
and the boundary conditions are transformed to the following form:
where:
For aiding flow the mixed convection parameter λ varies between 0 (pure forced convection) and ∞ (pure natural convection). Moreover:
For axisymmetric flow over a sphere, the free stream velocity distribution is given by:
hence ξ, α(ξ) and β(ξ) are becoming an expression in x as follows:
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Non-uniform mass transfer here v w is taken as:
where the mass transfer parameter A W 0 for suction and A o 0 for injection. The coordinates ξ and x is related by the following expression:
hence it is suitable to express the Equations (8) and (9) in terms of x rather than ξ. Substituting Equations (20) and (21) into Equations (8) and (9), we obtain:
and the transformed boundary conditions are:
The skin friction and heat transfer coefficient can be written in terms of the Nusselt number as follows:
3. Results and discussion By quasilinearization method (Inowe and Tate, 1974 ) the non-linear coupled partial differential Equations (22) and (23) are linearized. The linearized equations are then converted to a system of linear algebraic system with block tri-diagonal structure to solve by Varga's (1962) algorithm by applying backward difference in the x direction and central difference method in the η direction. The step sizes Δη ¼ 10 −2 and Dx ¼ 10 À3 has been found as the optimum step size in the η and x direction, respectively. As the convergence is very slow in the neighbourhood of zero skin friction coefficient we have chosen Dx ¼ 10 À4 as the step size in the neighbourhood of zero skin friction coefficient.
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The value of η ∞ has been taken as 7.0 for our computations. We assume that when It is observed that the skin friction coefficient, heat transfer coefficient, velocity profiles are increasing and the temperature profile decreases with the enhance of mixed convection parameter λ. The occurrence of this event can be understood from the fact that, for λW 0, the buoyancy force behaves as a positive pressure gradient, this turn the fluid get accelerated and which diminish the momentum and thermal boundary layer thicknesses and hence the skin friction coefficient and heat transfer coefficient are enhanced with the increase of λ. Moreover, the point of zero skin friction is delayed or prevented with the increase of λ. It is further noticed that, when λ ¼ 0 the skin friction coefficient, heat transfer coefficient and velocity are increasing and the temperature decreases with the enhance of MHD parameter M while the effect of M is just opposite for λ ¼ 55. To understand the effect of M on the skin friction coefficient we should analyse the sign of the last term sB 2 0 =r u e Àu ð Þof Equation (4) it depend only the sign of (u e −u). For forced convection (λ ¼ 0) we have u e W u, therefore the pressure force sB 2 0 =r u imposed in the inviscid region of the water is greater than the drag like Lorentz force sB 2 0 =r u e : Hence the imposed pressure force subdues the Lorentz force and the resultant force will assist the flow. So the velocity and the skin friction coefficient are increasing with the enhance of M. On the contrary, for mixed convection regime the Lorentz force overcomes the imposed pressure force and hence the velocity and the skin friction coefficient are decreasing with increase of magnetic parameter M.
It is also perceived from Figure 4 that for each fixed value of M and λ the skin friction coefficient C f Re ð Þ 1=2 increases from zero and attains its maximum and then decreases when x further increases and the point of maximum moves in downstream direction when M or λ increase. Moreover, we have seen that at x ¼ 1.5, when M enhances from 0.0 to 1.0 the skin friction coefficient increases 72.47 per cent for λ ¼ 0 and decreases 1.04 per cent for λ ¼ 55 Figure 5 shows that for each fixed value λ and M the heat transfer coefficient monotonically decreases as x increases and reaches a minimum value within the temperature boundary layer. Moreover, the MHD parameter M has significant effect on the heat transfer coefficient for λ ¼ 0 but it is not significant for the cases λ ¼ 20 and 55. It is observed that at x ¼ 1.5, when M enhances from 0.0 to 1.0 the heat transfer coefficient increases 10.19 per cent for λ ¼ 0 and decreases 1.06 per cent for λ ¼ 55.
Moreover, from the Figure 6 , overshoot in velocity profile is observed within the momentum boundary layer when λ ¼ 30 and 55. Thus velocity is observed peak in the 
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Non-uniform mass transfer neighbourhood of the sphere surface when the buoyancy effect is high. It is also seen that MHD parameter has no significant on the temperature profile for λ ¼ 30 and 55. We also observed that when M increases from 0.0 to 1.0 the velocity profile increases 55.94 per cent for λ ¼ 0 and decreases 3.86 per cent for λ ¼ 55 near the surface of the sphere.
Figures 7-9 shows the consequences of viscous dissipation parameter Ec on the skin friction, the heat transfer coefficient, the velocity and the temperature profile for various λ for T 1 ¼ 18:7 o C; DT w ¼ 20:0 o C; M ¼ 0 and A ¼ 0: It is discovered that the skin friction coefficient, velocity and temperature profile are enhanced and the heat transfer coefficient diminishes with the increases in viscous dissipation parameter Ec. The reason for this occurrence is increasing viscous dissipation effect enhances the fluid temperature and due to the enhance in the fluid temperature the viscosity of the fluid decreases and the temperature difference between fluid and the surface of the sphere, which is kept at constant temperature, decreases. Owing to decrease of temperature gradient the rate of heat transfer decreases. Also, due to the decrease in the viscosity of the fluid the velocity of the fluid increases and due to which the skin friction coefficient increases. From Figure 7 it is observed that the viscous dissipation has no significant on the skin friction coefficient for λ ¼ 0 but it has significant effect for λ ¼ 10 and 20. Moreover, the effect of the viscous dissipation parameter Ec on the skin friction coefficient increases with the increases of buoyancy effect λ.
From Figure 8 we have observed that for each particular value of λ when Ec enhances from 0 to 0.1 the heat transfer coefficient decreases monotonically and reaches a minimum value, but when λ ¼ 10 and 20 the heat transfer coefficient increases towards zero from the minimum value.
The physical reason is when λ ¼ 20 overshoot in velocity is observed (see Figure 9 ). As a consequence, there is a sudden increase in the velocity in the neighbourhood of the sphere surface and then it decreases gradually to the free stream velocity according to the boundary condition. Due to this sudden enhance in the velocity of the fluid near the sphere surface, the shear stress generated by the viscosity of the fluid increases the temperature of fluid than the wall temperature (T w ). Hence the heat transfer process occurs from the fluid to the sphere surface instead of sphere surface to the fluid. Hence, in such circumstances the wall will not be cooled down by the stream of the fluid flowing past it. Moreover, it is observed that from Figure 8 that the effect of Ec on the heat transfer coefficient increases with the enhance of mixed convection parameter λ. It is observed that at x ¼ 1.5, when Ec increases from 0.0 to 0.1 the heat transfer coefficient decreases 22.89 and 273.34 per cent for λ ¼ 0.0 and λ ¼ 50, respectively.
From Figure 9 it is observed that viscous dissipation has no significant effect on the velocity profile when λ ¼ 0. It is also perceived that the effect of Ec on the velocity profile enhance with the enhance of mixed convection parameter λ. Moreover, we have observed that at η ¼ 0.5 when Ec increases from 0.0 to 0.1 the velocity profile Figure 10 we have find that the skin friction coefficient and the heat transfer coefficient both reduce due to viscous dissipation for each M. Moreover, it is seen that Ec has significant effect on the heat transfer coefficient for each M but the effect Ec on the skin friction coefficient is not significant under MHD effect. From Figure 11 we have seen that the temperature profile (G) increases when Ec varies from 0.0 to 0.1. Moreover, when M≠0 and Ec ¼ 0.1 the temperature profile decreases sharply from 1.0 and then the steepness of the temperature profile decreases before reaching zero. Due to this the temperature boundary layer thickness becomes very thick under the magnetic effect. Also, we have seen that Ec has no significant effect on the velocity under the magnetic effect. Figures 12 and 13 show the effect of mixed convection parameter λ on the skin friction coefficient under the suction (A W 0) and injection (A o 0). From Figure 12 we have observed that when λ ¼ 0 the suction and the movement of slot delay the point of 
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Non-uniform mass transfer zero skin friction, but for λ ¼ 2.0 and 5.0 the suction and the movement of the slot in the downstream direction move the point of zero skin friction in upstream direction. But the slot injection has the opposite effect of slot suction on the skin friction coefficient as shown in Figure 13 . Figures 14 and 15 show the effect of the magnetic number M on the skin friction coefficient under suction and injection. From Figure 14 we have observed that when A ¼ 1, the increasing value of M and the movement of the slot in the downstream direction delays the point of zero skin friction. However, for M ¼ 1 the mass transfer through a slot and the movement of the slot do not cause any effect on flow separation. Moreover, from Figure 15 we have observed that the slot injection has the opposite effect of slot suction on the skin friction coefficient.
Conclusions
Non-similar solution of steady MHD mixed convection flow of water over a sphere with non-uniform slot suction (injection) has been obtained numerically from the origin of streamwise coordinate. We conclude, as follows:
• The skin friction coefficient, heat transfer coefficient and the velocity profile are increasing and the temperature profile decreases with the enhance of mixed convection parameter λ. Moreover, the point of separation is delayed or prevented with the increase of λ.
• The skin friction coefficient and velocity profile are enhanced with the increase of MHD parameter M when λ is small. But it has the opposite effect when λ is large.
• The effect of M is not notable on the temperature and heat transfer coefficient when λ is large.
• Due to viscous dissipation the skin friction coefficient, the velocity and temperature profile are increasing while the heat transfer coefficient decreases under the mixed convection effect. Moreover, overshoot in temperature profile is observed due to viscous dissipation for large λ.
• Viscous dissipation has no significant on the skin friction coefficient under MHD effect.
• The slot suction and the movement of the slot delay the point of zero skin friction for λ ¼ 0 but moves in the upstream direction for λ ¼ 2 and 5 but the slot injection has the opposite effect.
• The slot suction and the movement of the slot in the downstream direction delay the point of zero skin friction for M ¼ 0 but the slot injection has the reverse effect. For M ¼ 1 the movement of the slot or slot suction or slot injection do not cause any effect on flow separation.
